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Abstract as a unit|[9]. Luo et al[[10] have described in the detail abou
The CIELAB based CIEDE2000 colour difference formulato the CIEDE2000 formula as an excellent out performing foamul
measure small to medium colour differences is the |lateatistal when measured against the aggregate data set, but stalsdmae

formula of today which incorporates different correctidios the issues related to its developmeht![11]. Similarly, Sharmale
non uniformity of CIELAB space. It also takes account of para [12] have shown mathematical discontinuity in the formar-
metric factors. In this paper, we present a mathematicahida- ther, field test reports and performance studies on the CEOD&

tion of the CIEDE2000 by the line element to derive a Riemamni  have also not shown conclusively that the latest CIE formela
metric tensor in a color space. The coefficients of this rogfitie forms better than previous existing formulde] [|E—15].

Just Noticeable Difference (JND) ellipsoids in three disiens In such contexts, it would be useful from many aspects to
and ellipses in two dimensions. We also show how this metricstudy the CIEDE2000 color difference formula by the Rieman-
can be transformed between various colour spaces by means ohian approach. First, in this approach, we can map or tratisfe
the Jacobian matrix. Finally, the CIEDE2000 JND ellipses ar formula into other color spaces preserving the subjectiopgrty
plotted into the xy chromaticity diagram and compared todhe of the formula. Second, the formula does not have its spemific
served BFD-P colour matching ellipses by a comparing method corresponding color space, it is only the improved*, b* color

described i p (CGIV2010). space formulated in terms of lightneds),(chroma C) and hue
_ (H). So, itis interesting to know how well this advanced forenul
Introduction measures small colour differences in other color space&d,Th

A color difference formula or a color difference metric, Riemannian space is curved and such space is consideraldisuit
which measures the difference between two colors, is bewpmi for small to medium color difference measurement becausg ma
prime research topic in the modern colorimetry. The targébi researchers have described that small color differenceilediion
find a good color difference formula, which can give a quantit  using the Euclidean distance does not agree sufficiently thi
tive measurdAE) of the perceived color difference correctly. It perceptual color difference due to the curvilinear naturéhe
is also the requirement of many color applied fields such agen  color spaceﬂ@O].
analysis, color reproduction, color image restoration smadn. In this paper, the authors present a method to formulate the

MacAdam |ﬂ2] described that small or medium color dif- CIEDE2000 color difference formula in terms of the Riemamni
ferences can be measured by the Just Noticeable Differencametric and this metric is used to compute the JND ellipsese He
(JND) ellipses, which represent the human perception @fstin the authors take the line element to calculate the coloemiffces
old colour differences. Since then, many color differermeniu- dE. To calculate line element, the CIEDE2000 color difference
lae have been developed for measuring the color differecme-a  equation should be converted into the differential formisT@ives
rately. In 1976, the CIE recommended two color differenae fo us the Riemannian metric in a non-Euclidean color spaceinAga
mulae, the CIELAB and CIELUV formulae, have become popular to obtain the Riemannian metric in a new color space, we also
in colour industries, but, they fail to measure the visuatpption need to transform color vectors from one color space to @noth
of the color differences sufficiently, although, they arilda be This is accomplished by the Jacobian transformation. Tetilate
uniform colour difference formulael[B, 4]. our method, the authors transformed the CIEDE2000 fornmita i

In 2001, the CIE recommended the CIEDE2000 formula the xyY color space. And, the JND ellipses are plotted in® th
based on the CIELAB to improve the correlation between mea- xy chromaticity diagram. The input data to compute the JND
sured and human observed color differences. In partictiiar, ellipses for our method is BFD-P data séls [5]. BFD-P dats set
CIEDE2000 is the improved version of the CIELAB with specific were assessed by about 20 observers using a ratio methatheand
weighting functions known as lightne$S, ), chroma(&) and chromaticity discrimination ellipses were calculated ahatted
hue(S4), parametric factorgk , ke, ky ), and the rotation terrRt in the xy chromaticity diagram for each s[21]. A companiso
to correct chroma and hue differences in the blue regionth&lie has also been done between the computed JND ellipses of the
modifications are based on visual data obtained from fofierdif =~ CIEDE2000 formula and the original ellipses obtained frdma t
ent experiments known as BFDIP [5], Leeds [6] RIT-DuPbht [7] BFD-P data set. The detailed description, for comparingia pa
and Witt Ei]. In other words, visual results from these four e  of ellipses, by calculating the ratio of the area of the isgetion
periments were adjusted to a common scale by computingigcali and the area of the union can be found.in [1]. This method gives
factors for each data set and adopting the visual scale ofBFD a single comparison value which takes account of variations



the size, the shape and the orientation simultaneously f@ira
of ellipses. Therefore, this value is an indicator whicHstels
how well two ellipses match each other. Further, using MaoAd
data, the authors also plot the JND ellipses of the formuliaén
Xy chromaticity diagram to see simple visual comparisoin e
original data set. The authors see a good mathematicalitpzhn
in this method to study the CIEDE2000 color difference folanu

Formulation of the CIEDE2000 Metric Tensor
and Color Space Transformation

In this section, the authors will describe our method to com-
pute metric tensor of the CIEDE2000 formula in the xyY space.
Let us begin the process by defining the standard form of the fo

mula ].
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In Equation[(1) Ry is the rotation function and expressed as
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Similarly, the weighting functions are defined as:
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T =1-0.17cosh — 30°) + 0.24cog2h + .32cog3N + 6°) —
0.2cog4h’ — 63°)

. . —~ Lit+L;
Here, we define for a pair of color samples= %

C' = S5 andh = "% andaH = 2,/C[CsinY

The other symbols used in the formula are also defined in the

following way:

L'=L* & =a"(1+G), b’ =b* and C' = Va2 + b2 with

/ b _1 _ C*7b
h" = arctan; and G_z(l ,/szg

whereL*, a* andb* corresponds to the Lightness, the redness-
greenness and the yellowness-blueness scale€’antroma in
the CIELAB color space. Likewisd is the hue angle for a pair of
samples. To formulate Riemannian Metric, the authors take o
L’,C" andh’ values rather than their arithmetic mean valug€’

Equation[(1) becomes a differential form as follows:

(dEfp)® =[dL’ dC dH] x
(keS)™2 0 0
0 (ko) 2 L (keScknSH) ™t
0 seSckiSH) ™t (knSH) 2

dr’
dc’

H

In Equation[(2), the matrix of coefficients of weighting ftions,
parametric factors, and the rotation term is the Riemanmieinic
of the formula in its original form. As said in the introdumti
section, the authors will show the process to transforntdt ihe
xyY space in terms of metric form. In general, the transfdioma
process takes the following steps: First, fref@’H’ to L*a*b*
then toXY Ztristimulus color space and finally into thgY color
space.

So, at first, we need to transform differential color vectors
dL, dC, dH’ into dL*, da*, db*. Since, they are different color
vectors or functions at a given point in a color space, we céy 0
relate them by applying the Jacobian method. In this method,
we compute all partial derivatives of vector functiddsC’, and
H’ with respect td_*, a*, andb*. This gives us a % 3 matrix
of continuous partial derivatives, which is known as a Jaob
matrix.

In the equation form, we write:

)
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where, the matrix of partial derivatives in Equatibh (3) edso be
denoted b 52'[2';; Now, the Equatior{{2) becomes as follows:

aL.c H)T

andh’ because in the Riemannian or non-Euclidean color space,

infinitesimal distance is taken to measure colour diffeesnSo,

* \2 __ * s
(dEgp) _[dL da dbf*] 70(L*7a*7b*)
(keS)~2 0 0
0 (kcsc) %(kcsckHsu)*l X
0 sckHs4 (kSH) 2
L/ C/ H/
a(Lx,ar, b* db*
(4)
The calculation 01’7705'[/2';/; appears as
1 0 0
o & & 5)
o 9+ oH
VES ob*
wheredH’ = C'dH because limAH — Osin&f ~ & — dH’ =
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In a similar way,% Jacobian matrix map color vec-

torsL*, a*, b* into X, Y, Z tristimulus color space and by another
Jacobian matn)é’XiYZ) we can relat, Y andZ tristimulus and
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Figure 1: Histogram of comparison values between CIEDE2000 and
BFD-P ellipses. The values lie in the range()‘.(< 1. Higher comparison

x, y andY color vectors. The detailed derivations of these Jaco- value indicates better matching between a pair of ellipses.

bians can be found inl[1]. Finally, the mapping of the CIED&20
formula into the xyY color space in terms of the metric terisor

a(X,Y,z)T a(L,a*,b*)T a(L'.C' H) T
(dBoo)® =[dx dy dY| 5 d%yY) 0(X.Y.Z) I .a.b)
(k.S)—2 0 0
0 (keS) 2 S(keSckuSy) | x
0 FkeSckuSi)™t (kySu) 2
a(L',C/,H") a(L,a*,b*) a(X,Y,Z)

dx
o(Lr.a%b7) 9(X.Y,Z) 9(xy.Y) [34
(7

Multiplying all the Jacobian matrices, their transposebstae ma-
trix of original form (matrix of correction terms) togetheve will
get a 3x 3 matrix in the xyY color space.

This matrix is known as the Riemannian metric tengpy) (
of the CIEDE2000 formula in the xyY color space, which gives
JND ellipsoids in three dimensions and ellipses in two dimen
sions. The principal axes of ellipses can be calculated &igan-
vectors and eigenvalues of the metgig. So, if A; and A, are

eigenvalues of thejy, the axis &) and the axislf) equal to#
1

and — respectively.

\/_

Result and Discussion

(L* = 50) and this value equals to the lightness value which was
taken to draw original BFD-P ellipses. The variab{&s, kc and

ky) are set to 1 for calculating ellipses. Now, at first, the au-
thors describe qualitative analysis between computed &gd o
nal ellipses. Figureg 2(a) apd 2(b) show BFD-P and computed
CIEDE2000 ellipses drawn in the CIE64 chromaticity diagram
respectively. It can be seen that ellipses for the neutrdlgaay
color centers are almost the same in both figures. Similarly,
both BFD-P and CIEDEZ2000, the ellipses for blue, green;blue
green-yellow, yellow and red centers tend to point alongdinf
constant dominant wavelength. However, in CIEDE2000, the o
entation of ellipses in the blue region are rotated comptoéie
BFD-P ellipses of same region. On the other hand, in the red re
gion too, the CIEDE2000 ellipses are rotated in oppositectiion

and stretched in length. In terms of size, the CIEDE200p 36

in blue and green-blue are slightly smaller than the BFDlipsels

in the corresponding region, where as they are slightlyelaeg
well as more circular in shape in the yellow region.

Our next analysis between CIEDE2000 and BFD-P is based
on our method for comparing the similarity of a pair of elégs
as said in the introduction section. The value obtained Iy th
method lies in the range of@ x < 1. Hence, a comparison value
of 1 between a pair of ellipses ensures the full compatybbi-
tween them in terms of size, shape and orientation. Accgrdin
to this method, the authors have got maximum matching vdlue o

In this section, the authors will discuss on the behavior of -95 between a pair of CIEDE2000 and BFD-P ellipses. This pair

computed ellipses of the formula in the xyY color space with r
spect to the BFD-P ellipses.

appears in the neutral color region. Similarly, the mininatue
has come .25 around high chroma blue. The matching values of

One severe problem is found at the gray axis where the Jaco-2ll ellipse pairs can be seen in the histogidm 1 as well as fnem

bian (Equatiofib) is not defined. It can be easily seen by timger
ax andbx = 0 in Equations[{6. In fact, the limit does not exist,

since it depends on the path. Thus, a Riemannian metric dites n

exist at the gray axis. However, JND ellipses can be computed
the metric defined in Equatiohl(7) for the rest of the colowcsp

Here, all the calculated or computed ellipses of the

Table].

Similarly, Figure$ 3(¢) and 3(b) show the MacAdam'’s origi-
nal ellipses and the CIEDE2000 ellipses taking his origauddr
centers in the 1931 xy chromaticity diagram. Ellipses aottet
at constant lightness level Bt = 50. These figures also help to
visualize the difference between original and computeipssb

CIEDE2000 formula and BFD-P ellipses have same color cen-in terms of size shape and orientation in a simple mannertand t

ters. Again, to draw the computed ellipses into the xy chittonha
ity diagram, the authors have taken the constant lightnasev

general trend of difference is also similar to the BFD-P amal t
CIEDE2000 ellipses as described above.



Table 1:Comparison values of CIEDE2000 and BFD-P ellipses pairs orgarison value of 1 between a pair of ellipses ensures thecimpatibility
between them in terms of size, shape and orientation.

Ellipse pair number| 1 2 3 4 5 6 7 8 9 10 11 12
Value 0.96| 093| 09 | 0.88|0.83| 0.88| 0.86| 0.85| 0.85| 0.83 | 0.82 | 0.81
Ellipse pair number| 13 14 15 16 17 18 19 20 21 22 23 24
Value 0.79| 0.79| 0.78 | 0.77 | 0.77| 0.77| 0.76 | 0.75| 0.75| 0.75 | 0.75 | 0.75
Ellipse pair number| 25 26 27 28 29 30 31 32 33 34 35 36
Value 0.75| 0.75| 0.75 | 0.74 | 0.74| 0.73| 0.73| 0.72| 0.72| 0.72 | 0.71 | 0.71
Ellipse pair number| 37 38 39 40 41 42 43 44 45 46 a7 48
Value 071 071| 07 | 0.7 | 0.69| 0.69| 0.69 | 0.69 | 0.68 | 0.68 | 0.68 | 0.68
Ellipse pair number| 49 50 51 52 53 54 55 56 57 58 59 60
Value 0.66 | 0.66 | 0.65 | 0.65| 0.64| 0.62| 0.6 | 0.58 | 0.58 | 0.57 | 0.54 | 0.53
Ellipse pair number| 61 62 63 64 65 66 67 68 69 70 71 72
Value 0.53| 053 | 052 | 052|051| 05| 049| 0.48| 0.47 | 0.46 | 0.46 | 0.44
Ellipse pair number| 73 74 75 76 77 78 79 80
Value 0.4 | 0.38| 0.37| 0.34| 0.34 | 0.33 | 0.33| 0.29
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(a) BFD-P ellipses. (b) CIEDE2000 ellipses having same color centers as BFD-P.
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(c) BFD-P and CIEDE2000 ellipses plotted on the same xy diagr
Figure 2:BFD-P ellipses and Computed CIEDE2000 Ellipses in the CIEBbmaticity diagram (Enlarged 1.5 times)
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Figure 3:MacAdam’s original and Computed CIEDE2000 ellipses in thg32 Chromaticity diagram (Enlarged 10 times)



Conclusion

The first objective of this paper is to formulate the

CIEDE2000 formula into the Riemannian metric and apply the
Jacobian method to transfer it into different color spacewell

as to compute JND ellipses from this metric. This is success-

fully accomplished, except at the gray axis. Second objeds
to study the behavior of the formula in the xyY color spacenwit
respect to the experimentally observed data. This is alee ty
drawing JND ellipses of the formula and experimentally obse
BFD-P ellipses into the xy chromaticity diagram and commgri
them by our comparison technique described above.

On the basis of our findings as discussed above, the au-

thors can say that the CIEDE2000 significantly measuresithe v
sual color differences. However, it is seen orientatiorbfgm in

the CIEDE2000 ellipses compared to BFD-P ellipses in the blu [14]

region as well as in the red region. This indicates that &urth
research for the improvement of the rotation term or the wolo
difference metrics, in general is necessary. Our methodlsas
shown that the formula measures small color difference imell
the non-Euclidean space.

The authors hope that the formula presented here will be use-

ful for the color research and applications.
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